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r acb :�=?Pd=?N�Ae:&=-fTdg�8-;h=\CEIi=�J3C�J<LVj�I`I�;kAlCEIKm?=En�><JoGELMW3N�m�8�pSqrPMY�J<LVA^Gs8t8�u�C�IK>3J3CEI`_�PVIKWo8B;kAlPM8�m�8�pdq
z
PMGsJ-v�CEIi=w:<;xIiO-:3J<m

mgz =
1

2
mv2 +

1

2

I

r2
v2 =

1

2
m
(

1 +
I

mr2

)

v2,

j�N�:3IKJ
I
FHJ3PMRy@^8�@zJ&C�RVJ3@{usJ<:<;|v}=?NEC�8�pST~I�PVY�J<LMA#;k:<j��KW3N�J3@�pMLV8lN�m?=|@�=\PMA a(� 8�C�IKJ3;h=?> I/(mr2)

FHJ3PMR
Rd=-mlIKJzPS=\@^8XNE�i=�m?=?>3N�JMFrPMY�J<LVA�nsGs8-;kA�>&PM:<A�;k:<��Lo8�:3C�=�T%:&=Ens>3JzG�LVW3N�m�8�pSqBPMY�J3LMA�n�=�:&=?RVJ3@�LV�-;kCEIKJ<>
GELM:3A*PVGEIKJ&PM:<J3CEIKJ�n�CEIKJ4:&=\�KJ<><Ae8lNQFHJVFBLV8�:3@�Ii=-LV�-; a�� IK8�LdO\T�G�8lN�_�;9=-j�WXGs8lT~:&O?RMm�8-;]J4_EPMRd=3;xIKJ3CEIKJPMY�J<L&nl8�:3C�=\T~:&=BRV8�nl><J�;�J<;kC�W<RVLV:3C�=zPMY�J<Ld=tCEIKJ�;kG�v�A*;9=tC�=zLS_ET�gXPVY�J<LMAZ:<J<;xClJ3RMLV:3C�JMF a� N�G ay� LVW3N�m�8�pdqousW3N�:3IKJ�RS=?m?=^PS=\@�= a
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� 8�C�IKJ3;h=?>|�`I`C�=xFHJ&PMR9C�IKJ3;h=?><m?=EnlCEIKJ�@�=B:3C�=�T%:<J3CEIi=#m\O-Rk_EPMRS=&;xIKJ3CEIi=#;9:<j��KW3N�J3@�G�IK8�C*_ZY�Ld=?j�@^J3C�RS_
�`I`C�Az�KJ<>&O�T%J<j�8wCE=wPV:<8�LVPMRVmlIKJMF�Gs8-;xIKJ<LM:�TdgEC�I�n\;9=?>3C�JxPSO�R�Al�Km�8wm*IKJ3LV_EC�mlI�IE;9=?LMRV8�pST~IEPSI�v�N�:3Ii=�v}=-FMO�T%A�Tdg
C�=Dm\8���T%JURMJ3j\8�Y�LS=?j�@^J3C�RV_ a�b =?RVJ3@ @�=?mlPMAl@�=\�`C�=D@�=\PS=eT~IKW<>�=-LS_�;�N�LV_�j�I`@�GELM:3A�G�=\N�ml_+RVJ<>
usW3N�:3IKJ�LM�-;xCE=

m1 a
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� 8�C�IKJ3;h=?>^;k:<LV8�pSC�IKJ�j�W3PMRV8�pSqz;]8lN�A�n�;k:<LV8�pSC�IKJ�PVI�v}=X;kA�Gs8�LS_ aZ� :&=?RMJ&@�PM:&=\�Km?=�:�;�8lN�OX8\u�CEIK><A
PVIKW a
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� m�8\LV8eGEIKJ&P�;9LV��T~I�v|Nl8 � N�=\PVIi=�RV8 φP − φK = 2π

n]j�N�:3IKJ
φP

FHJ3PMR�m?O?RVJ3@ 8lNlGs8-;xIi=?N�=?FMO\T~A*@
:3@�Ii=\CEIKJ|Gs8lv�8�><J3CEIi=tG�PS=z;9:<j��KW3N�J3@�:&IKJ3@�I a¡�8�@^J3C�RhusJ<:3;ov}=\N�C�8�pST~I�G�PS=t;k:<j��KW3N�J3@�8�PVI�8�u�LV8�RV_Xm?=?LV_�:<J3�`IlFHJ3PVR9LM�-;xC�A

IP = mr2 a
b :�=?Pd=?N�A�:�=\T�gl8-;9=\C�Ii=t@^8�@^J3C�RS_�GsW3NE_X;kAlC�IKm\=�nl><J

φKIK + φP IP = 0,

PMRdO\N
φK = − IP

IK + IP

2π = − 2π

IK/(mr2) + 1
= −36◦ .
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;k:3Nsv�_�>�CEIKJ<j�8�n/=UGs8�RVJ3@§:3C�8-;x_�Gsv�AlCEIKJZN�8QG�_EC�m�RS_

B a[¨ 8�LM:<AlPMRd=-FMO�T^:4=?C�=\�K8�j�I`I�:Z8�GERHAlT~:3C�O:&=\PS=\N�O^©EJ<LV@�=?Rd=�nlm?O?R9G�8lN^FM=-mlI`@ªGs8�;xI`CEIKJ3C�G�v�A*C�O�q�Nl8�uELV:<J<j�_XG�8-;xI`CEIKJ3C�PVG�J?v�CEIi=�qo;9=?LV_EC�J<m
1

vw

sin αw =
1

vl

sin αl,

j�N�:3IKJ
αw

FHJ&PMR�m?=?RVJ3@�FM=-mlIxRH;]8�LV:<A+T%:<W3pdq4;]8lNEC�=eRM8�LS_+:QC�8�LV@�=\�`C�ODN�8�u�LV:<J<j�_{«�m?O?RD¬dG�=?N�=-f
CEIi=s¬~­#=

αl = π/2
«�m?O?R�¬d:&=�v}=\@�=\CEIi=s¬<­ a[b =?RMJ&@ sin αw = vw/vl a � RSO\NcNsv�_�j�8�pSq�RM8�LS_cT%:<W3pST<I;�8*NEC�JMF^;9AlC�8�PVI

2h/ cosαw = 2h/
√

1 − (vw/vl)2
n9=�T%:<W&pST~Ik�iO\N�8-;]JMFB®

d − 2htgαw = d −
2h(vw/vl)/

√

1 − (vw/vl)2 a¯b =?RVJ3@°T%:�=?PkN�8�RS=?LdT~Ii=tN�8�G�_EClm*RS_
B
;kA*C�8�PVI�;±RHAl@ªG�LV:<A*G�=\Nlml_

2h

cos αw

/vw + (d − 2htgαw) /vl.

²



b N�LS_lj�IKJMF�PMRVLM8�C�A¥T%:&=\PZG�LV:<J<G�v�AlC�IKW�T~Ii=D8*N G�_EClm*RS_ A
N�8

B
;kAlCl8�PVI

d/vw a b =?RMJ3@ =?u*A+CEIKJ
8�G�v�=�T<=�v�8^PVIKW�G�v�AlCEO�q�N�8�uELM:3J<j�_�n�@t_EPVI u*A�q

2h

cosαw

/vw + (d − 2htgαw) /vl >
d

vw

,

T%:<Al�`I
d

h
< 2

cos αw

1 − sin αw

= 2ctg
(

π

4
− αw

2

)

� C�=?PV:<Al@�G�LV:<A*G�=\Nlml_Q8�RMLV:<Al@�=?@BA
αw = 30◦

n
2 cos αw/(1 − sin αw) = 2

√
3 < 3600/1000

n
:&=?RVJ3@{:&=&;]8lNECEIKmwGs8-;kI`CEIKJ3CtG�v�AlCE=�qhN�8�u�LV:<J<j�_¦n\Gs8lNzm?O?RMJ&@
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60◦
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B a
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b =\_�;9=->&@#A�n�>3Jo:oG�_EClm*RS_�;xI`N�:<J3CEIi=#@^J&Tdg�=\CEIKm*I�LM8�:<;9=?>&=\C�A^GELMW3R�FHJ3PVR]LV�-;kC�8-;h=?>3C�A^N�;���@�I`NlJ&C*f
RHAlT~:3C�A*@ GE_EC�m*RM8�@ @�=?RVJ<LSIi=?�`C�Al@ 8�PS_�@�=?LVAlT~:3C�JMF^@�=\PVIKJULM�-;xClJVF^@�=\PVIKJ�GELVW<Rd=�nhGs8lv�O�T%:<8�C�Al@
CEIKJ<;9=->3m*I`@�nlPM:<RHA*;kC�Al@ v}=�T%:3CEIKmlIKJ3@ 8�N�v�_�j�8�pdT~I

l
Rd=?mZN�8�u�Ld=\C�JMF~nl><J<u*AZ@^8�@zJ&C�RHA�u�J3:<;ov}=\NECl8�pST<I

RVJ<j�8U_�m�v�=\NE_Du*A�v�A�Rd=-mlIKJ�PS=\@zJwFM=?m�GELMW<Rd= a4b =?RMJ3@�:&=\@�Ii=\PMR�LV8\:3G�=?RVLMA*;9=�qtLS_�TdgDGELVW<RS=En�LM8�:<G�=-f
RVLM:3@BA4C�=?PV:t_�mEv}=\N�G�_EClm*RV�-; a � Gs8�T%:&O?RVm\8-;�JMF9PMA*RS_�=\T F I¦m\=->&NlA4:tCEIiTdg�Gs8�LV_EPM:&=�PVIKW#Gs8Z8�m*LMW<j�_
8[GELM8�@�IKJ3CEI`_ l

2
sin α

:XGELMW3N�m�8�pST~IiO 8[;h=?LVRM8�pST~I
v = ω(l/2) sin α a�� =?mlI�LS_�Tdg!NE=\C�J<j�8 i

f�RVJ<j�8
«
i = 1, 2

­]G�_EC�m�RS_U@�=?RVJ<LSIi=?�`C�J<j�8�FHJ3PMRk;kAl@t_�PV:&=\C�AZGELV:<J<:��¯PVI�v�W ~Fi‖

N�:3Ii=�v�=?FMO\T3OB;k:3Nsv�_�>zv}O\T~:3CEIKm?=
8�LS=?:hPSI�v�W ~Fi⊥

f�GELV8�PMRM8�G�=\Nsv�OoN�8Bv�O�T%:&C�IKm\=rIlN�8�;�J<m*RM8�Ld=xGELMW&Nlm�8�pST~I*G�_EC�m*RV_�«�G�=?RVLM:hLVA*P a ² ­ a � _E@�=PVI�v ~Fi‖

8�LS=?:rIiTdg�@^8�@^J3C�RV�-;[FHJ3PMR�LV�-;kC�= ~0
n�C�=?RM8�@�Ii=\PMR�PV_E@�=�@^8�@^J3C�RM�-;+PVI�v ~Fi⊥

FHJ3PMR¯CEIKJ<:<J<LV8-;h=
IsFHJ3PMRoLM�-;xCE=�@^8�@^J3C�RM8-;xI�PSI�v/;xIKW<:<�-;�:3J<;kC�W<RVLV:3C�AlT�g�;�PMRM8�PV_EC�ml_QN�8ZGELMW3RS=ZI�;9Al@t_EPM:&=-FMO�T%A�Tdg
LV8\:3;h=?>&=\C�A�LS_�Tdg a	� N�A¥RVJ[;kIKW<:3A+GELM:<J&PMRS=\C�OcN�:3Ii=�v�=�q!«�RV:3C a j�N�A¥8�p�GsW<mlCEIKJ-­%nxLV�-;kCEIKJ<>�PSI�v�A
~Fi⊥

PMRd=\C�O[PVIKW4LM�-;xClJ�:<J<LS_ a b =?RMJ3@¤FHJ3N�AlC�Al@�IkPVI�v�=\@�I�n�FM=?mlIKJ4usW3N�O[Nl:&Ii=�v}=�qXCE=[C�=\PM:<J�G�_�C�m*RHA
@�=?RMJ<LSIi=\�`C�J�n\usW3N�OwPVI�v�AtLV�-;kC�8��KJ<jlv�JkN�8�v�O�T%:3CEIKm?= a(� 8�CEIKJ<;9=?>ov}=�T%:3CEIKmoFHJ&PMR¯CEIKJ<LV8\:�T~IiO�j��`IK;kA�n?8�RMLV:<A�f@�=\@#A�LS_�Tdg�Gs8�8�m�LVW<j�_�8^GELM8�@�IKJ3CEI`_

l/2 a¯b =\_�;9=?>3@BAwFHJ3NEC�8lT~:<J3pVCEIKJ�n*>3J�;±>&=\NEC�Al@ª@^8�@^J3C�T~IKJ
CEIKJoN�:3Ii=�v�=?FMO�PVI�v�A^PVm*IKJ3LM8-;9=?C�Jx;k:3Nsv�_�>o;]J<m*RV8�LS=�GELVW3N�m\8�pST<I�N�=?C�J<j�8BG�_�C�m*RS_�@�=?RVJ<LVIi=\�`C�J<j�8�n�=w:&=-f
RVJ3@ FHJMF�;9=?LMRV8�pSq]CEIKJh_E�KJ<j�CEIKJ�:3@�Ii=\CEIKJ a 7x_ET�gBGs8�8�m�LVW<j�_B8|GELV8�@�IKJ3CEI`_ l/2

:hGELMW&Nlm�8�pST~IiO
ω l

2
sin αRV8^LS_�TdgX:wGELVW3N�m\8�pST<IiOtm?O?RM8-;9O

ω l
2
sin α ahb =?RVJ3@ G�LVW<RkusW3N�:3IKJ#PVIKW�8�u�Ld=�T<=�v�:wG�LVW3N�m�8�pST~IiOtm?O?RM8-;9O

ω sin α
;]8�m��lv�8�PVI 8�uELM8�RS_�GELV8�PMRM8�G�=\Nsv�JMF�N�8�GELMW<Rd=zI�G�LV:<J&T�gl8lN�:&O�T%JMF]GELV:<J<:9FHJ<j�8�pMLV8*N�J<m a

1F =

1F T

2F =

2F T

v2

v1

α

1F =v1

v2
2F =

LVA*P a ² a 79�-;xCl8-;9=?>3C�A�G�LVW<RV8-;kI�_�m�v}=?N N�;��lT�gG�_EClm*RV�-; @�=-RVJ<LSIi=\�`C�A�Tdg�GELM:<J&N£_EPV_ECEIKW&T~IKJ3@
;xIKW<:<�^:<J<;xClW3RMLV:3C�A�Tdg a

LMAlP a�
�a 7k�-;kC�8-;h=?>3C�A�G�LVW<RV8-;kI�_�m�v�=\N N�;]��TdgGE_EC�m*RM�-;�@�=-RVJ<LSIi=\�`C�A�Tdg[Gs8Q_EPV_ECEIKW&T~I`_e;kIKW3:<�
:<J<;xClW3RMLV:3C�A�Tdg a
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� 8-;kIKJ<LV:&TdgECEIi=oGs8�Tdgsv�=\CEIi=-FMO�T<=|J&ClJ3LMj�IKW � v�8���T<=9FHJ3PMR�;¥LV8�:<;h=?>&=\C�A�TdgzGELV:<A*G�=\N�m?=�Tdg�8lN�Gs8�;xIKJ3NECEIK8LV��;xC�=

πR2
n

R2
n

πR2 + 4R2 a{� 8-;xIKJ<LV:&TdgECEIi=�GELV8�@�IKJ3CEI`_?FMO�T<=[RM8�8*N�Gs8-;kIKJ&N�CEIK8 4πR2
n

6R2
n

4πR2 + 4πR2 a � RM8�PV_EC�mlIxGs8�;xIKJ<LV:&TdgECEI9Gs8�Tdgsv�=\CEIi=-FMO�T%JMF^Nl8�GELV8�@�IKJ3CEI`_?FMO�T%JMFt;kAlC�8�PV:&O[:&=?RVJ3@8lN�G�8-;xIKJ3NECEIK8
1/4

n
1/6

n
(π + 4)/(8π) a�b =-RVJ3@ C�=-FH;kA�>&PM:&O#RVJ3@^GsJ<Ld=-RS_�LMW�usW3N�:3IKJ�@�Ii=�vh¬d;9=?�KJ�T�¬-n

=^C�=-F CEIK>3PM:&OtPV:<J3pST~Ii=\C a
5�
�����������������)4���������������
� :3C�=�T%:3@BA�C�=\PMRVW<G�_-FMO�T%8 �

ρ
®Qj�W3PVRM8�pSq�@^�KJ3m?=XGELM:<J&NDLM8�:3N�:3Ii=�v�J3@�n

h
fr;kAlPM8�m\8�pSq�P�v�_lG�=�@��KJ<m\=

GELM:3J3N�LV8�:3N�:3Ii=�v�J3@�n
ρ2

® j\W&PMRM8�pSqz@��KJ<m?=ZGs8�LM8�:3N�:3Ii=\�KJ�n
ρ1

®Uj\W&PMRM8�pSqzpV@�IKJ<Rd=\C�A�n
V1

®U8�uEFHW<RM8�pSq
pV@�IKJ<Rd=\C�A�n

V2

®D8�u�FHW<RV8�pSq�@��KJ<m?=UGs8�LV8�:3N�:3IKJ3�KJ3CEI`_eY}=?:�n
h1

f�;kA*PV8\m�8�pSq�P�v�_�G�=�pV@�IKJ<RS=\C�A�n
h2

®
;kA*PV8\m�8�pSq|P�v�_�G�=z@��KJ<m\=BGs8�LM8�:3N�:3IKJ&�KJ3CEI`_ZY}=-: a
� 8�C�IKJ3;h=?>|LV8�:3N�:3Ii=�v�Y}=-:wCEIKJ�:&@^IKJ&C�Ii=zT3=�v�m�8-;kIKRVJMF¯8\uEFHW<RV8�pdT~I I¦@�=\PMA�nl@�=\@BA �

ρ(V1 + V2) = ρ1V1 + ρ2V2 ,

PMRdO\N
(ρ2 − ρ) V2 = (ρ − ρ1) V1.

b mlPM:<Rd=�v�RS_eC�=�T%:<AlCEIi=�I¯:�RVJ<j�8�n�><JZpV@�IKJ<Rd=\CE=^FHJ3PMRtC�=�j���LM:3J�n�;kA*CEIKm?=En�>3J (V2/V1) > (h2/h1) a
b =?RVJ3@ _�;k:<j��KW3NEC�Ii=?FMO�TxGs8-;kA�>&PM:<J�«�8�Ld=-:�RV8�nl><J

ρ2 − ρ > 0
n
ρ − ρ1 > 0

­¯8�RMLV:<Al@�=\@#A

(ρ2 − ρ) h2 < (ρ − ρ1) h1.

� WwCEIKJ<LM�-;xC�8�pdqo@^8�>3C�=tGELM:<J3GEI`Pd=\qo; Gs8�PMRS=�T~I

ρ1h1g + ρ2h2g < ρ (h1 + h2) g ,

j�N�:3IKJ
g
FHJ&PMR9GELM:<AlPMG�IKJ3PV:<J3CEIKJ3@�:3IKJ3@�PMmlI`@ a

� I`pVCEIKJ3CEIKJtg�AlN�LM8�PMRd=?R�A�T%:&ClJtG�LV:<J3NQGs8lNl:&Ii=�v�J3@ FHJ3PVRoLV�-;kC�J
ρhg

n¦=�Gs8XGs8lN�:3Ii=\�KJ
ρ1h1g + ρ2h2g a

� 8�C�IKJ3;h=?>4T<=�v�m\8-;xIKRS=U8�uEFHW<RM8�pSqXC�IKJ�_��KJ3j�=Q:3@�Ii=\CEIKJ�n�@�=?@BA h = h1 + h2 a¥b =?RVJ3@ Gs8-;9A*>3PV:&=
CEIKJ<LV��;xC�8�pSqo8�:3C�=\T~:&=En*><J�G�8�LM8�:3N�:3Ii=\�KJ|Y}=?:wT<I`pVCEIKJ3CEIKJ�C�=^N�CEIKJwC�=�T%:<AlCEIi=t:3@�=?�KJVFHJ a
5�
�����������������)4���������������
� LS=�T<=�;kA*m�8�C�=\C�=�GELM:<J3:yPVI�v�W/Rd=?LST~Ii=�FHJ3PMR�LV��;xC�= µ∆xgm

n3j�N�:3IKJ
∆x

FHJ&PMR�G�8�:3IK8�@BAl@ GELV:<J3@�IKJ3PM:&T~:<J~f
CEIKJ3@ ml�K8�TSm?= a � Ld=�T<=D;9A*m�8�C�=?C�=DGELM:3J<: j\Ld=&;kIKRd=�THFHW�FHJ3PMRZLM�-;xCE= ∆ygm

nhj�N�:3IKJ
∆y

FHJ&PMR�G�IK8\f
C�8-;9Al@§GELM:<J&@^IKJ&PM:&T%:<J&C�IKJ&@¤ml�K8�TSm?= aQb :&=\PS=\N�A[:&=�Tdg�8�;9=\CEIi=XJ3C�J<LMj�I`I ∆ygm = µ∆xgm

n/T%:<Al�`I
∆y/∆x = µ ayb =?RVJ3@{G�_�C�m*R&n\;!m*RM��LVAl@
ml�K8�T%J<m#PSIKWh:&=?RVLM:<Al@�=EndFHJ&PMR/G�LV:<J&T<IKW&T~IKJ3@ GELV8�PMRMJVF�8�m?O�T~IKJC�=�Tdg�A*�KJ&C�Ii= −µ

:�RV8�LMJ3@�n*Gs8^m*RV��LMAl@ªG�8�LS_EPM:&=zPVIKW�ml�K8lT~J<m a � LV8�:<G�=?RMLVA*;h=\C�Al@ GELM:3A�G�=\N�ml_�8�:~f
C�=�T%:&=zRM8�n�><J�ml�K8�T%J<m�:&=?RVLM:3A*@�=zPSIKW�;�@�IKJMF PdT~_¦n*; m*RM��LVAl@ªm\O-RxC�=�Tdg�A*�KJ&C�Ii=t;k:<j��KW3N�J3@�Gs8�:3IK8�@t_
FHJ3PMR9LV�-;kC�A

40◦ a
5�
�����������������)4�������������!6��
7k_�Tdg N�LVj�=?FMO�T%AXPVRMLS_EC�A�FHJ3PMRrLV�-;kC�8-;h=?>3C�AXLM:&_lRV8-;kI�8�uELS=�T<=?FM=�T%JMF9PVIKWt:BGELMW3N�m�8�pST~IiO�m?O?RM8-;9O

ω =
2π · f

;]8�m��lvh8�PVI
x
PVI`C*_�PV8�I`N�A

y = A sin(πx/L), x ∈ [0, L] a[b GELd=3;9=UI`CEN�_�m�THF I�©�=?LS=\N�=&A�=C�=-FH;xIKW<mlPM:&=B;9=?LMRV8�pSq|PVI�v�AZ@^8\RV8�LMA�T%:&ClJVF�FHJ3PMR9LV�-;kC�=

E = BSω = 4BALf ≈ 2 · 10−4V.
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Epos. = Mv2/2
n�j�N�:3IKJ

MFHJ3PMR|FHJ3j\8[T3=�v�m�8-;kIKRdOU@�=\PSO!«�;|v�O�T%:&C�IKJ�:X@�=\PSO m��*v�­%n�=
v
®DGELMW3N�m�8�pST~IiO a ��C�J<LMj�Ii=UmlI`C�J<RHAlT~:3C�=LS_ET�g�_�8�uELM8�RV8�;�J<j�8�m��lv�RV8

Eobr. = 4 · (Iω2/2)
n�j�N�:3IKJ

I
FHJ3PVR¯@^8�@^J3C�RMJ&@�usJ<:3;ov}=\N�C�8�pST~I�FHJ3NEC�J<j�8

m�8lv�=En¦=
ω
®UG�LVW3N�m�8�pST~IiOZm?O?RM8-;9O#FHJ<j�8XLS_�Tdg*_�8\uELV8�RM8-;�J<j�8 a � m\8�LV84PS=\@^8�Tdg��*N�G�8�LS_EPM:&=XPSIKWzusJ<:Gs8�pV�`IK:<j�_¦n�RV8

ω = v/R
n�j�N�:3IKJ

R
FHJ3PVR]GELV8�@�IKJ3CEIKJ3@ m�8lv}= a�b NlLS_�j�IKJMF�PMRVLV8�C�A I = αmR2

n*j�N�:3IKJ
αFHJ3PMR9GsJ<;xC�Al@ªusJ<:3;9Al@�Ii=?LM8-;kA*@�G�=-Ld=\@^J<RMLVJ3@�n�=

m
®Z@�=?PdOBm�8lv�= a¯b =?RMJ&@

Eobr.

Epos.

= 4
m

M
α .

�o�i=BGsJ-v�C�J<j�8zm*LdO->3m?=
α = 0, 5 a � G�LV:<A*G�=\Nlml_Zj�N�A*u�A�@�=\PS=Bu�A�v}=BR�Al�Km�8zC�=rFHJ<j�8tuELM:3J<j�_

α = 1 a��=?LVRM8�pSq
α
NE�i=wNE=\C�J<j�8wm�8lv}=�FHJ&PMR�:&=?RVJ3@ :&=?G�J3;kC�Jx;9=?LMRV8�pST~IiO|Gs8�pVLMJ3NECEIiO�@�IKW3N�:<AzR�Al@�I�N�;kIKJ&@�= a

b =?RVJ3@ªGELV:<A�F @B_?FM=�T
M = 50m

8�RMLV:<Al@�=?@BA

1

25
<

Eobr.

Epos.

<
2

25
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�\J3pV�`I]LV�\>&C�IiT3=UY}=-:X@�IKW3N�:<A[;xIKJ<LV:&Tdg�8lv�m?=\@�I¦FHJ&PMRtLM�-;xCE=

φ
GELM:<AeRVJMFBPS=\@zJVF#=\@^G��`IKRV_EN�:3IKJ

U0

nyRM8
C�=?GEIKW�T~IKJ�@�IKW3N�:<A�RHAl@�I�;xIKJ<LV:&Tdg�8lv�m\=?@�I�;9AlC�8�PVI

Uo cos (ωt + φ) − Uo cos (ωt) = −2Uo sin

(

ωt +
φ

2

)

sin
φ

2
.

�\J3PMR¦RM8xC�=?GEIKW�T~IKJyPVI`C*_�PV8�I`N�=\�`C�J(8r=?@^G��`IKRS_�N�:3IKJ
2U0 sin(φ/2) a ¡�8�T(;kAlNl:&IKJ3�i=-FMO�T<=]PSIKWyC�=�8�Gs8�LVCEIKml_8U8\Gs8�LV:<J

R
FHJ3PMRwLV�-;kC�=

[(2U0 sin(φ/2))2]/(2R) = U 2

0
/(2R)(2U0 sin(φ/2))2 a � GELM:3A�G�=\N�ml_

Gs8lv�O�T%:<J&C�Ii=D;�j�;kIi=?:3N�W C�=?G�IKW&T~IKJ @�IKW3N�:<A�m�8���T<=\@�I
i
fzRMJ<j�8�8\Gs8�LSC�IKm\=D;kA*C�8�PVI

Ui

nx=e:&=?RVJ3@
;kA*N�:3IKJ&�i=?C�=t@^8�T�FHJ3PMR9LV�-;kC�=

U2

0
/(2r) a79��>3CEIiT<=tY}=?:w@�IKW3N�:<A�G�_EC�m�Rd=\@�I 
 I ² 8�LS=?:���I � ;9AlC�8�PVI π/2

nECE=?RV8�@^Ii=\PMRk@�IKW3N�:<AZGE_EC�m*RS=\@�I �
I ² 8�Ld=-:��^I 
 ® π

n*:&=?RMJ&@ ; GELM:<J&N�PVRS=&;xIK8�C�Al@ LVAlPV_EClml_X_�mEv}=\N�:3IKJ�¬Sm*;9=\NlLd=?R-¬9;kAlNl:&IKJ3�i=\CE=B@^8�T
FHJ3PMR9LV�-;kC�=

2
U2

0

2R

(

2U0 sin
π/2

2

)2

+ 2
U2

0

2R

(

2U0 sin
π

2

)2

=
U2

0

2R
(4 + 8) = 12

U2

0

2R
.

� =�v�m�8-;kIKRd=�@^8�Tk;9AlN�:3IKJ3�i=\C�=�; G�LV:<A*G�=\Nlml_�Gs8lv�O�T%:<J&C�Ii=�; j�;xIi=?:3N�Wr;9AlC�8�PVI
4U 2

0
/(2r) a�b >&O\N�=-fCEIi=tLV��;xC�8�pST~I R�A�Tdg4@z8�T%AZ8\RVLV:<Al@B_?FHJ3@BA

r =
R

3
.

�Z�t�����
	¯; G�LV:<J&T<IK;kIKJ3�EPMRH;xIKJxN�8tGELSO\NE_�RMLV�\FHY}=?:<8-;9=?j\8�n\m�8��KJMF C�8�pSqkGs8*Nsv}O�T%:<J3CEIi=wG�LV:<J<;�8lN���; @�=
RS_Q:&CE=�T%:3J3CEIKJ aB� 8X:&=\@�Ii=\C�IKJzC*_E@^J<LM�-; «�I/G�8�RVJ3C�THFM=�v��-;|­xNl8��`C�A�TdgQ;kIKJ<LV:&Tdg�8lv�m\�-; ¬dm�;9=\N�LS=?RS_�¬-n
LV�\>&C�IiT3=hY}=?:�Gs8�RVJ3C�THFM=�v��-;eC�=km�8���T<=�Tdg�m?=?>3N�J<j�8x8�Gs8\LSCEIKm?=9usW3N�:3IKJ¯LV�-;kC�=

π/2
n-=k:&=?RMJ&@�T3=�v�m�8-;kIKRd=

;kA*N�:3IKJ&�i=?C�=t@^8�T|;kA*CEIKJ3PSIKJ
8U2

0
/(2R) a � Rd=?mlI`@ªGELM:<A*G�=\N�m*_4N�8�PMRd=?CEIKJ3@BA

r =
R

2
.

� GELV:<A*G�=\N�ml_¦n�j�N�Az:xRMLVJ3pST<IELM8�:<;xIiO?:&=\C�Ii=|;kA*CEIKm?=En�><JxGELV:<A�FHW<RV8�Rd=?m?O�C*_E@^J<Ld=\T FHW9;xIKJ<LV:&Tdg�8lv�m��-;wn
Gs8-;9A*>3PM:3J�LV8�:<;kIiO?:&=\CEIKJ|RS=?m*><JwC�=?�KJ3><A�_�:3C�=�q|:&=zG�8�GELd=3;xC�J a

�
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� =�v�m�8-;kIKRd=tPVI�v}=zN�:3Ii=�v}O�T<=tC�=�_lm�v}=\NX:-v�8�><8�C�AZ:�GELV8�PMRM8��`I`CEIK8-;9A�TdgZY�LS=?j�@^J3C�RM�-;±G�LV:<J<;�8lNEC�IKm��-; ~li«�:<;9LV8�Rw;]J<m*RV8�LS=zFHJ3PMRw8�m*LVJ3pV�K8�C�A GELM:3J<:�GELV:<J<G�v�A*;9=-FMO�T%AQG�LdO\Ns­o:3C�=-F NE_?FMO�T%A�PVIKW�; PMRd=�v�Al@£Gs8��`_
@�=?j�C�J<RHA�T%:3C�Al@�8�I`CENE_lm�THF I ~B

;9AlC�8�PVI

~F =
∑

i

I~li × ~B = I

(

∑

i

~li

)

× ~B.

� 8�C�IKJ3;h=?>�NE�i=t8�u*;�8*NE_�:�=?@^mlCEIKW<RVJ<j�8 ∑i
~li = ~0

n�8�:3C�=\T~:&=BRV8�nl><J�Rd=zPVI�v}=rFHJ3PVR9LM�-;xCE= ~0.�o=?PV:X_�m�v�=\Nc@^8�><J3@BADRVLS=?m*RV8�;9=�qwFM=-m�8[_�mEv}=\NcN�;]��TdgcG�8lv}O�T%:<8�C�AlT�g�:<JXPV8\u�O�FHJ&N�C�Al@ u�8�mlIKJ3@
RVLM��FHm?O?RM�-; LM�-;xCl8�us8�T%:3C�A�Tdg a�� 8�8\u*;�8lNl:&IKJ^m?=?>3N�J<j�84RVLM��FHm?O?RS=�G�v�A*CEIKJ�G�LdO\N I

8�mlIKJ<LV_EC�ml_[RS=?m
N�8�u�Ld=\C�A*@�n?><J<u*ABPV_E@�=?LVA�T%:3C�AwGELdO?NtG�v�AlCEO�T%A#;9:&N�v�_�>h;xPMGs���`ClJVF�m�Ld=&;]W&Nl:&I*RMLV�\FHm?O?RV�-;�u�A�v�LV�-;kC�A
0 a � =�v�m\8-;xIKR�A�@^8�@^J3C�RkPVI�v�AZNl:&Ii=�v}=-FMO�T%A�C�=^C�=\PM:�_�m�v}=?NzFHJ3PVR9LM�-;xC�A

~M =
2
∑

i=1

I ~Si × ~B = I

(

2
∑

i=1

~Si

)

× ~B,

j�N�:3IKJ ~Si

FHJ&PMRB;�J<m*RM8�LVJ3@§G�LV8�PMRV8\G�=\Nsv�Al@ N�8QRMLV�\FHm\O-Rd=
i
n(8�Nsv�_�j�8�pST~I¯LV�-;kC�JMF�Gs8��`_�RMLV�\FHm\O-Rd=En/=

:<;kLM8�T~IKJB8�m*LMJ3pS�K8�C�Al@ :<j�8*NECEIKJB:tLVJ<j�_�v}=�pMLS_lu*A�G�Ld=&;]8�PMm*LVW<RSClJVFhGELV:<J<:tmlIKJ<LS_�C�J<m4GELdO?NE_ 8�G�v�A*;9=-f
FMO�T%J<j�8ZNE=\C�AXRVLM��FHm?=?Rt«�G�=-RVLV:BLMAlP a � ­ a|b =\_�;h=?>3@BA�n�><JBLV:3_�R�A ∑2

i=1
~Si

CE=�mlIKJ<LS_EClmlI�GELM8�PMRV8�G�=?Nsv�J
N�8 ~B

n\8\m*LVJ3pV�K8�C�JhG�LV:<J<:9m*LS=&;�W3N�:3IKJ9T%:<;�8�LM8�pST<Ii=?C*_¦n-m�RV��LMJ9CEIKJh;9Tdg�8lN�:&Oo;!PVmEv}=\NtLS=\@^mlI�n\PSOoLM�-;xC�J
0 a¯b =?RMJ&@°T<=�v�m�8-;xIKR�A�@z8�@^J3C�R9PSI�v�AZN�:3Ii=�v}=-FMO�T%A�CE=zLd=\@zm�WhFHJ3PVR9LV�-;kC�A ~0 a

S2
S1

B

LMAlP a � a 7x=\@^m?=B:wG�LdO\N�J3@�� LV:3_�RkC�=zG�v�=\PM:&T~:<A*:3C�W�G�LV8�PMRV8\G�=\Nsv�OzN�8�G�8-;xIKJ<LV:&TdgECEI
LV8�:<;h=?>&=\C�A�TdgZRVLM��FHm?O?RM�-;±I LV�-;kC�8��KJ<jlv�OtN�8 ~B a
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� =hPMA*RS_E=�THFM=�FHJ&PMR¦@^8�>3�`IK;9=�n~j�N�ArGELdO\N|G�v�A*C�O�T%AoGELM:<J3:�_lm�v}=\N�FHJ3PVR GELdO\NlJ&@ :3@�IKJ3CEC�Al@ a¦� 8�PM:&T%:3J<j���� fC�Al@^I�J3�KJ3@^J3C�RS=\@�I¦_�m�v�=\NE_�Gs8-;kI`CEC�A�u*A�q�«�; N�8-;]8��`C�JMFhm\8��KJMF C�8�pST~I�­ ��m�8�C�N�J3CEPS=?RV8�L3n�T~J<;9m\=^8\Ld=?:
N�8-;]8��`C�A�J3�KJ3@^J3C�Rk8�:&=&;9=\Nl:&IKJ�LM�-;xClJVF

Z
«�C�G a 8�Gs8\LSCEIKm n�m\8�CEN�J3CEPS=?RM8�L&n�T%J<;km?=�­�n�GELV:<A4T%:<Al@°IiTdg

8lN�G�8-;xIKJ3NECEIK8tGs8\FHJ3@�C�8�pSq\nlI`CEN�_�m�T%A�F C�8�pSqoI
Z
Gs8�;xI`CEC�A�PMGsJ-v�CEIi=�qr;9=?LV_EC�J<m

Z = 1/(ωC) = ωL
n

j�N�:3IKJ
ω
FHJ3PVRxT%:<W3PMRV8�RV�`IK;�8�pST~IiOwGELdO\N�_ a
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� C�IKJ&I`ClJ3LSTHFM=\�`C�Al@ _�m�v�=\N�:3IKJ�8lNECEIKJ3PVIKJ3CEIi=[:<;kIi=?:&=\C�Al@ :Uu�_�RMJ3�Km\O�n�J3Y�J<m*R�A*;xClJ�GELV:<AlPMG�IKJ3PM:<J&C�IKJ
:3IKJ3@�PMmlIKJxFHJ3PVRrLV�-;kC�J

~gef = ~g − ~a
nsj�N�:3IKJ

~a
FHJ3PMRoG�LV:<AlPMG�IKJ3PM:3J3CEIKJ3@°u�_�RVJ3�KmlI ao� 8�CEIKJ<;9=?>#u�_lRVJ3�Km?=;9=?g�=zPVIKW�PM;�8�u�8lNECEIKJ�n

~a
FHJ3PMR9LM�-;xClJ�GELM8�PMRV8�G�=?Nsv�JMF]N�8^mlIKJ<LS_EClml_XCEIiT~I�PMm�v}=\Nl8-;�JMF¯GELV:<AlPMG�IKJ3PM:<J3CEIi=

:3IKJ3@�PMmlIKJ<j�8 a � 8B8\:&CE=�T%:�=�n�><J ~gef

FHJ3PMR]PVm*IKJ3LM8-;9=?C�Jx;k:3Nsv�_�>oCEIiT~I a(� 8-;kIKJ3LM:&T�g�CEIi=|;�8lN�A^;¥u�_�RMJ&�iT%JusW3N�:3IKJ�G�LV8�PMRV8\G�=\Nsv�=^Nl8
~gef

n�T%8^8�:3C�=�T%:&=tus­
β = α a
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